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In this note we will report on some symplecto-geometric[| applications 
51J ! of the following result: 

Theorem 1. Let M be a compact oriented 2d- dimensional manifold 
^ ■ on which the group acts. Suppose that this action is quasi-free and 

has finitely many fixed points. Then M is cobordant to a disjoint union 
of N copies o/CP'^, where N is the number of fixed points. 



> 

o 



A more detailed discussion of this theorem and its applications will 



(3 I appear in ||GGK|| .p] 



O ■ Remark. "Quasi-free" means that 5*^ acts freely on the complement 

^ , of the fixed point set. The cobordism is an S'^-equivariant cobordism 

I with the CP'^'s carrying projective S'^-actions. Furthermore, the cobor- 

dism is oriented although the CP'^'s need not be given their standard 

orientations. 

Proof. The circle acts on M x C by the product of its action on M 
and its standard action on C. The fixed points of this action are 

X ' 

H ■ qk = {Pk, 0) , pfc G M^'^ , 

where is the set of fixed points for the circle action on M. De- 
note by Uk an S^-invariant open ball around qk (with respect to some 
invariant Riemann metric). Let W be the subset of M x C obtained 
by excising the UkS and the set \z\ > 1. Since acts freely on W, 
the quotient W/ is a compact manifold- with-boundary, and, modulo 
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orientations, 

diW/S') = Mul[idUk)/S' . (1) 

k 

Let Tgj. be the tangent space of M x C at g^. The hnear isotropy 
action of on Tg^ is free except at the origin, hence there is an M- 
hnear identification 

Tg^ ^ C^+i (2) 

which converts this action into the action "multiphcation by e*^" . Via 
(0) one can identify Uk with the set ||z|| < e and hence identify dUk/S^ 
with CP°'. Thus, by (P, M is cobordant to the disjoint union of 
copies of CP'^. 

If the isomorphism respects orientation, the k-th CF'^ is equipped 
with the complex orientation; otherwise we take the opposite orienta- 
tion. 

The action of on the first component of M x C commutes with 
the diagonal action and thus descends to W/S^, making it into an 
equivariant cobordism. Q.E.D. 



In what follows we will exploit the fact that certain structures on 
M which are preserved by the S'^-action (for instance, a closed 2-form, 
a stable complex structure, or a G-action) can be incorporated into 
the cobordism (|I]). For example, we have already seen how the cobor- 
dism inherits the 5'^-action. Before introducing these new structures, 
though, we would like to remark that the assumptions made in Theo- 
rem |l| are unrealistically strong. What happens if the action of on 
M is not quasi-free, or does not have finitely many fixed points? If the 
action is not quasi-free, the induced action on W is locally free, but 
not free, so the cobording space W/S^ is now an orbifold. Moreover, 
under the identification (^, the S^-action on C^^^ has the form 

e*^^=(e*™i^^i,... ,e^"^^+^Vi)- (3) 

Here the m/s are nonzero integers which are no longer equal to ±1, and 
the quotient, dUk/S^, is also an orbifold (a twisted projective space). 
Therefore, from (P one gets an equivariant orbifold cobordism between 
M and a disjoint union of twisted projective spaces. If, on the other 
hand, the action is quasi-free but the fixed point set is not finite, one 
can prove: 
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Theorem 2. Let X^, k = 1, . . . N , be the connected components of the 
fixed point set . Then there is an equivariant cobordism 

N 

Mr^JlB, (4) 

k=l 

and fibrations 

CP™^- ^B.^Xk (5) 

where 2mk = codimXfc. 

Finally, if neither of these hypotheses holds, there exists an orbifold 
cobordism of the form @; however, the CP™''='s in have to be 
replaced by twisted projective spaces. 

The main result of this article is a reformulation of Theorem |l] in the 
setting of Hamiltonian group actions. To state this result we will first 
explain what is meant by "cobordism" in this setting. 

Definition. Let G be a compact Lie group and let (Mr, ujr) be a com- 
pact oriented^ 2 dimensional symplectic manifold on which G acts in 
a Hamiltonian fashion, with (pr '■ — > g* as the associated moment 
mapping. One says that {Mi,uji,(j)i) and {M2,lj2,4>2) are cobordant 
as Hamiltonian G-spaces if there exists a compact oriented {2d + 1)- 
dimensional manifold- with-boundary W, a closed two-form uj, and a 
Hamiltonian action of G with moment map 0: W —>■ g*, such that 

dW = MiU (-M2) 

and such that the pull-backs of a; and to Mr are Ur and (pr- 

Remarks. 

1. This definition is different from the definition used in ||Gin|| in that 



we do not impose any rank or non- degeneracy condition on the 
closed form u. 

By a "Hamiltonian space" we will generally mean a manifold 
equipped with a group action, a closed invariant two-form (not 
necessarily symplectic), and a corresponding moment map. Our 
definition of cobordism extends word-for-word to the case where 
the two-forms Ur are degenerate, and therefore we have the notion 
of cobordism of Hamiltonian spaces. 

The equivariant form Ur + 4>r can be altered by an equivariant 
coboundary without changing the cobordism class of the Hamil- 
tonian space {Mr, ujr,4>r), so the cobordism class of a Hamiltonian 



N.B. The orientation of M need not be identical with its symplectic orientation 
(see [Gin]). 
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G-space depends only on the underlying G-manifold and on the 
cohomology class [ur + (pr] ■ 
4. In all our applications the group G will be a torus. 



Apropos of this definition we have proved | GGK | the following: 



Lemma 1. Let T he a torus and let (W^ uj, 0) be a cobordism of Hamil- 
tonian T-spaces between {Mr,uJr,(f)r), r = 1,2. Assume that a is a reg- 
ular value of (pr for r = 1,2. Then one can perturb {u},(j)) away from 
the boundary ofW so that a becomes a regular value of (p. 

A consequence of this is that cobordism commutes with reduction. 
More explicitly, let Z = 0~^(a). The fact that a is a regular value of 
implies that the action of T on Z is locally free, hence Z/T is an 
orbifold-with-boundary. There exists a closed two-form u'^'^'^ on Z/T 
whose pull-back to Z is equal to the restriction to Z of u. The boundary 
components of Z/T are the reduced spaces M^'^'^, and the restrictions 
of uj'^'^'^ to each of these boundary components is the usual reduced 
symplectic form. All of this remains true even when u is degenerate, 
and implies: 

Theorem 3. Let a be a regular value of cf),. forr = 1,2. Then the re- 
duced spaces M^*^*^ = (f)~^{a)/T are cobordant (as symplectic orbifolds). 

This theorem indicates that, when working with Hamiltonian group 
actions, orbifold cobordism is a far more natural notion than the usual 
notion of cobordism. From now on we will tacitly allow all our cobor- 
disms to be orbifold cobordisms. We would like to note, however, that 
not every orbifold is cobordant to a manifold (even over the rationals), 
and in passing to orbifolds we essentially enlarge the set of cobordism 
classes IIGGK . 



Before stating our main result we will make a few remarks about 
cobordisms between non-compact manifolds: let (M, be a 2d- 
dimensional Hamiltonian S^-space with moment map cj). As in the 
proof of Theorem 1 we will let 5*^ act on M x C diagonally, by the 
product of its action on M and its standard action on C. If one equips 
C with the two-form dz A rfz, this becomes a Hamiltonian action 
with moment map 

ip{m,z) = (f){m) + |zp . 

It is clear that a is a regular value of (p if and only if a is a regular value 
of '?/', in which case one can reduce M x C at a to obtain an orbifold, 

■.= ^-\a)/S^ . 
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Lemma 2. The orbifold M" is the disjoint union of the set 

M^<a = {peM, 4>{p) < a} 
and the reduced space Ma = (f)~^{a)/S^. 

Proof. A pair {m,z) is in ip~^{a) if and only if 0(m) + \z\^ — a. Let 
2; 7^ 0. Then 0(m) < a and 

z — e*^(a — (t>{m)), 9 — oxgz . 

On the other hand, when 2; = 0, we have 0(m) = a, and the (S^-orbit 
through (m, z) can be identified with a point of M^. Q.E.D. 

In particular, if is proper and bounded from below, M° is compact 
and hence is an orbifold compactification of the open subset M^^a of 
M. Notice also that, as above, the product of the action of on 
M with the trivial action on C commutes with the action we have 
just described and hence induces a Hamiltonian action of on M". 
Moreover, if a compact Lie g roup G cicts in a Hamiltonian fashion on 
M and this action commutes with the action of S^, one gets an induced 
Hamiltonian action of G on M". 

The operation 

is called symplectic cutting. For more details about it see [Ler]. 

Now let {Mr,uJr), for r = 1,2, be a Hamiltonian S'^-space with mo- 
ment map (pr '■ Mr M. We will assume that 4>r is proper and bounded 
from below. 

Definition. The orbifolds Mi and M2 are cobordant as Hamiltonian 
5 ^-spaces if the cut spaces M^ and M| are cobordant as Hamiltonian 
5'^-spaces for all values of a. 

Suppose that, in addition, there is a Hamiltonian action of G on 
which commutes with the action of S^. Then we say that Mi and M2 
are cobordant as Hamiltonian G-spaces if Mf and are cobordant 
as Hamiltonian G-spaces for all a. 

Remcirks. 

1. Although Mr might be non-compact, the condition on the mo- 
ment map (f)r guarantees that the cut space M" is compact. The 
cobording manifold between these cut spaces is required to be 
compact too. 
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2. If is cobordant to M2 for some value a then is cobordant 
to M2 for all b < a; this cobordism is obtained by taking the 
cobording manifold with boundary U (—Ml"), and cutting it 
at the value b. 

3. One might hope to find a single (possibly non-compact) cobordism 
W between Mi and M2; its cuts, W"", would then be cobordisms 
between and . However, this is not always possible. 

Let (M, u, 0) be a Hamiltonian S'^-space with moment map 0: M ^ 
M. We will assume that is proper and bounded from below. Also, for 
the moment we will assume that the fixed point set is discrete; = 
{pi,P2, ■ ■ ■}■ For each fixed point pk, there is an M-linear orientation 
preserving map 

T,, - C (6) 
which converts the isotropy action of into the action 

e*«z = (e'™i^^zi, . . . ,e'™*^2d). (7) 

If uj is symplectic, we can assume that the isomorphism (|^) converts 

Pk 



the symplectic form on Tp^ into the standard symplectic form on 



dzr A dzr ■ (8) 



2 

In any case, let Uk be the symplectic form 

Uk = ^^-^ XI ^rkd^T A dzr (9) 
where e^k = sgn(mr,fc), and let 0"^ be the integer 

cTfc = #{"^rfc , Crfc = -!}• (10) 

The action (^ is Hamiltonian with respect to both the forms above; 
however, the associated moment maps are different. The moment map 
associated with the form (||) is 

- mrklzkl"^ (plus an additive constant), 
and the moment map associated with the form (^) is 

~ erfc^rfckfcP (plus an additive constant). 

Since erkt^rk = \^rk\ > 0, the second of these maps is bounded from 
below and proper. 

We can now state our main result. 
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Theorem 4 (Linearization theorem). M is cobordant, as a Hamilton- 
ian -space, to the disjoint union of the linear spaces (C^jUk), k = 
1,2, ... , where (C^, cufc) is equipped with the Hamiltonian action of 
defined by with the moment map 

(Pk = ^'^(^rkmrk\Zk\'^ + (t>{Pk) , (11) 

and with its complex orientation. 

Note that the complex orientation on is equal to (—1)'^''' times 
the symplectic orientation induced by (0;^)'^. 

Remarks. 

1. If, in addition, a compact Lie group G acts on M in a Hamiltonian 
fashion, and if this action commutes with the action of 5*^, then 
this cobordism will be a cobordism of Hamiltonian G-spaces. (For 
instance, this will be the case if is a subgroup of the center of 
G.) This shows that the circle in Theorem ^ can be replaced by 
a torus acting on M with isolated fixed points. 

2. If the set of fixed points is not discrete, an analogue of Theorem | 
is true with the Tp^, 's replaced by the normal bundles to the fixed 
point components; for details see [GGK]. 

3. If u; is not symplectic and M is oriented, the isotropy weights rrirk 
for every fixed point pk are only determined up to a simultaneous 
change of sign of an even number of them. However, the integers 
CTfc and erk'mrk are well defined and Theorem ^ remains true for 
any choice of rrirkS. 

The rest of this article is devoted to applications of Theorem ^ How- 
ever, before getting into details, let us explain the main idea of how 
to use cobordisms to evaluate certain invariants of Hamiltonian spaces. 
The cohomological invariants such as, for example, the Duistermaat- 
Heckman measure are, by Stokes's theorem, invariants of cobordism. 
This is also true for the cobordism class of the symplectic reduction and 
for the (equivariant) Riemann-Roch number, i.e., the virtual geomet- 
ric quantization. (In the latter case, the notion of cobordism is to be 
modified to take into account the stable complex structure of the sym- 
plectic manifold; see Application 4 below.) By Theorem ^ (or Theorem 
H), a Hamiltonian space M with isolated fixed points is cobordant to a 
disjoint union of twisted projective spaces (or linear spaces) associated 
with the local data near the fixed point set. Therefore, a cobordism in- 
variant of M can be expressed as the sum of invariants of these spaces. 
For example, when dealing with the Liouville measure, this procedure 
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leads immediately to the Duistermaat-Heckman formula (Application 
2). 

Application 1 - Symplectic Reduction 

Suppose that a torus T acts in a Hamiltonian fashion on (M, uj) 
with isolated fixed points {pk}- Let 0: M — t* be the moment map 
associated with this action and let 0^ : — t* be the moment map 
associated with the linear isotropy action (J^) of T on Tp^ = and 
with the two- form ujk which is given by (|^). This map is unique up 
to an additive constant and we will fix this constant by requiring that 

0fc(O) = 

Suppose now that a G t* is a regular value of and of the 0fc's. Then, 
by Theorem the reduced space 

M,ed = <p-\a)/T (12) 

with its reduced two-form is cobordant to the disjoint union of 

Mfc = 0^i(a)/T, fc = l,2,.... (13) 

These spaces are compact symplectic toric orbifolds (see ||L'1]| ) . This 
proves: 

Theorem 5. Mj-ed is cobordant to a disjoint union of compact sym- 
plectic toric orbifolds. 



This result was also proved by Shaun Martin [|Mar|| ; he expressed 



Mj-ed as a "tower" of twisted projective spaces (i.e., a bundle over a 
bundle over . . . etc., where the fibers are twisted projective spaces). 

Remark. Theorem | can be modified to also cover the case where a is 
a regular value for but not a regular value for the 0fc's. In this case, 
Mred is still cobordant to a disjoint union of compact toric orbifold, but 



the two- forms on these might be degenerate. For details, see [GGK 



Application 2 - The Duistermaat-Heckman theorem 

Let T be a torus and let (M, u;, 0) be a compact Hamiltonian T-space 
with isolated fixed points. Let {C^,LUk, 4>k) be as in Theorem^. 

Let fi be the measure on Borel subsets of M associated with the top- 
form u'^/dl, and let /ifc be the measure on associated with {uJkY/d\. 
Their push-forwards, 

V = (jy^jj, and z/^ = {(j)k)*IJ'k, 

are the Duistermaat-Heckman measures associated with the Hamilton- 
ian spaces (M, a;,0) and {C'^,uJk, 4>k)- Theorem ||, coupled with the 
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fact that the Duistermaat-Heckman measure is a cobordism invariant 
of Hamihonian T-spaces, imphes that 



V 



Y.^^- (14) 



Note that [i and /i^ are signed measures, even in the symplectic case; 
the top form {ukY/dl might be negative with respect to the (com- 
plex) orientation of C^. If, instead, we integrate with respect to the 
symplectic orientations, we get the more famihar formula of Guillemin- 
Lerman-Sternberg: 

k 

which involves the positive push-forward measures |z/fc|. 



This identity was proved by other means in [(J^LSf (for compact 



spaces) and in ||FW|| (for certain non-compact Hamiltonian spaces). 



Application 3 - The Jeffrey-Kirwan localization theorem 

Let us show how to use cobordisms to obtain the Jeffrey-Kirwan lo- 
calization theorem in the abelian case. By Application 1, the reduction 
Mj-ed is cobordant to a disjoint union of toric varieties associated 
with the fixed points of the action. Therefore, for a cohomology class 
c G H^{M), the integral of the restriction of c to Mred is equal to 
the sum of integrals of its restrictions to the M^'s. This is in fact the 
Jeffrey-Kirwan localization theorem, as long as we do not care how to 
carry out the integration over M^'s explicitly. 

Let us get more specific. For a regular value a of the moment map 
0, there is a canonical map (the Kirwan map) 

«:,://*(M)-.i7*(Mred) 

which maps the equivariant cohomology of M (with coefficients in C) 
surjectively onto the ordinary cohomology of the reduced space Mj-ed = 
(f)~^{a)/T. By definition, this map is the composite of the restriction 
mapping 

and the Cartan isomorphism 

H^{r\a)) = H*{r\a)/T) . 
Also, for each pk, one has a canonical homomorphism, 

ak-. H^{M) H^{{pk})^H^m) = ^?(C") 
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the first arrow being the restriction map. In the term on the right, the 
action of T on Tp^ = is the isotropy action given by (|^). In addition, 
there is a Kirwan map 

Kk-. H^{C'')^H*{M,) 

where is the reduced space a toric variety. Applying Stokes's 
theorem to the cobordism described in Theorem ^ one can deduce, for 
c G H^{M), the following identity: 

i^ic) = y2 (^k{c) . (15) 

Remarks. 

1. This is a topological form of the Jeffrey-Kirwan localization the- 
orem ([JK]). Their version of this theorem is valid for nonabelian 



groups. However, Shaun Martin [|Mai)] has recently given a purely 



topological proof that the abelian version of the localization the- 
orem implies the non-abelian version. 

An explicit recipe for evaluating the terms on the right of ([T5|) is 
given in 



We have implicitly assumed that a is a regular values for the 0fc's. 
This assumption can be avoided [pGK|| . 

As before, if we equip the M^'s with their symplectic orienta- 
tions, the summands of (^5[) need to be taken with the coefficients 
(-1)^^ 



Application 4 - Quantization 

A stable complex structure on a manifold M is, by definition, a com- 
plex structure on the bundle TM©M^ for some i. Two such structures, 
one on the bundle TM © M^^ and one on the bundle TM © M^^, are 
said to be equivalent if there exists, for some choice of mi and m2, an 
isomorphism of complex vector bundles 

TM © © ^TM® © C™^ . 

For example, an almost complex structure on M can always be viewed 
as a stable complex structure. Furthermore, on a symplectic manifold 
(M, uj) there is a canonical stable complex structure. Namely on TM 
itself there exists a complex structure which is compatible with uj and 
this complex structure is unique up to isomorphism. If uj is invariant 
with respect to the action of a compact group G, the almost complex 
structure can also be chosen G- invariant. 
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Given two compact oriented manifolds M^, r = 1,2, each equipped 
with a stable complex structure J^, one says that (Mi, Ji) and (M2, J2) 
are cobordant if there exists a compact oriented manifold- with-boundary 
W and a stable complex structure J on W such that 

= Ml U (-M2) (16) 

and 

CJ ~ J„ (17) 

Lr : Mj, — i> dW being the inclusion mapping. (The equivalence {^i7\) 
makes sense in view of the fact that l^^TM © R^) = TMr © ]R^+\) 
With these definitions one has the following addendum to Theorem ^. 

Theorem 6. Let us equip TM with an invariant complex structure 
J and choose isomorphisms (^) which respect this structure. Then 
the cobordism described in Theorem ^ is a cobordism of stable complex 
structures, i.e., we have 

(M,u;,$,J)~5](C^^,,0,,z) , (18) 

k 

where i denotes the intrinsic complex structure on C^. 

Remark. As before, if on (C'^,a;fc) we take the symplectic orientation 
instead of the complex orientation, we must put the coefficient (— l)""*" 
in front of it. 

Recall that the cobordism between M and the C^'s described in 
Theorems ^ and ^ is, strictly speaking, a cobordism between spaces 
which are obtained from these by the "symplectic cutting" operation. 
Therefore, one item which remains to be explained in the statement of 
Theorem ^ is how the stable complex structures on M and on the C'^'s 
give rise to stable complex structures on the spaces obtained from them 
by symplectic cutting. Since symplectic cutting is just a special case of 
symplectic reduction, the answer to this is provided by the following: 

Theorem 7. Let T be a torus and M a Hamiltonian T-space. Fix a 
regular value a of the moment map (p: M t* . Then a T -invariant 
stable complex structure on M induces a stable complex structure on 
the reduced space M-^^a = 'P~^{o)/T. 

Proof. Letting Z = (j)~^{a) and letting l: Z —>■ M and n: Z ^ Mj-cd be 
the inclusion and projection maps, it is easy to see that 



L*TM = 7r*TMred © (t © t*) 



(19) 
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Thus a T-invariant complex structure on TM©M^ induces a T-invariant 
complex-structure on n*TM^ed © (t © t*) © M^. Since T is abelian, the 
action of T on t©t* is trivial, so this is equivalent to a complex structure 
on TM,ed © (t © i*) © Q.E.D. 



Given a compact manifold M with a stable complex structure J and 
a complex line bundle L M, one defines the Riemann-Roch number 
of (M, J, X) to be the integral 

/ expc(I.)Todd(M, J) , (20) 

Todd(M , J) being the Todd class of the complex vector bundle TM©M^ 
and c{L) being the Chern class of L. One can also define an equivari- 
ant version of (^) (cf. |PGV|] ) and an orbifold version of (pO]) (the 
Kawasaki Riemann-Roch number of (M, J,L), cf. |[Kaw|| .)P| 

Suppose now that (M, uj) is a pre-quantizable Hamiltonian T-space 
with a pre-quantum line bundle L. Assume for the moment that u 
is symplectic.Q If a G t* is an integer lattice point then the reduced 
space (|12|) is pre-quantizable. Let ired be its pre-quantum line bundle, 
Jred an almost complex structure on Mred which is compatible with its 
symplectic structure, and RR(Mred) = RR(Mi.ed, </red, -^^red)- Similarly, 
for each fixed point pk, let Mk be the reduced space (|13|) and RR(Mfc) = 
RR(Mfc, Jk,Lk) where Lk is the reduced pre-quantum line bundle and 
Jfc is the stable complex structure associated via Theorem |^ with the 
intrinsic complex structure on C^. (Usually this will not be compatible 
with the symplectic form on M^!) Applying the Jeffrey-Kirwan theorem 
to the equivariant version of c{L) Todd(M, J), one gets the following 
"quantization" identity: 

RR(M,ed) =ERR(^fc) (21) 

k 

expressing the Riemann Roch number of the reduced space in terms of 
Riemann-Roch numbers of toric orbifolds. 

Remark. A stable complex structure Jk does not determine an ori- 
entation. The orientation on which we take in (|2T| ) is induced by 
the complex orientation of C^; see ||(JK'1'| | for details. If, instead, we 



take the symplectic orientation determined by Uk, we must insert the 
coefficients (—1)°^'' in front of the summands in (^Tj). 

^ Warning: the formula for the Kawasaki Riemann-Roch number is more com- 
phcated than (|2C|). 

^ A detailed treatment of quantization in the case that the two-form uj is degen- 



erate will appear in |CKT| 
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Note that, in principle, RR(Mfc) only depends on the linear isotropy 
representation of T on Tp^, though in practice its evaluation relies on 
some rather deep theorems of Brion-Vergne ||BV|| , Cappell-Shaneson 
C5| and Guillemin ||Gu|| . In [GGK] we will give an explicit formula 



for it in terms of a partition function involving the weights of this 
representation. 



Stable complex structures can be incorporated in the notion of cobor- 
dism of Hamiltonian G-spaces to make the geometric quantization, i.e., 
the equivariant Riemann-Roch number, into an invariant of cobor- 
dism. Thus consider the category of formal Hamiltonian G-spaces, 
i.e., oriented G-manifolds (or orbifolds) equipped with an equivariant 
closed 2-form u + (p (or just its equivariant cohomology class) and a 
G-equivariant stable complex structure J. Clearly, an oriented sym- 
plectic G-manifold with a fixed moment map can be viewed as a formal 
Hamiltonian G-space. An example of a different nature is the C^'s from 
Theorem where the symplectic form need not be compatible with 
the complex structure. Two such manifolds or orbifolds are said to 
be strongly cobordant if they are cobordant as Hamiltonian G-spaces 
and the cobordism W can be chosen to carry a G-equivariant stable 
complex structure which extends the structures on its boundary. Using 
symplectic cutting one can extend this notion to non-compact spaces 
as well. Theorem |^ thus claims that (M, J) is strongly cobordant 
to I](C'^, Uk, 4>k, i) where the linear spaces are given their complex ori- 
entations. A stable complex G-manifold with a G-pre-quantum line 
bundle L can be made into a formal Hamiltonian G-space by replac- 
ing L by its G-equivariant first Chern class. With this definition we 
see that the equivariant Riemann-Roch number ( pUj ) is an invariant of 
strong cobordism. 



References 

[BGV] Berline, N., Getzler, E., Vergne, M., Heat kernels and Dirac operators, 
Springer- Verlag, 1992. 

[BV] Brion, M., Vergne, M., Une formule d'Euler-McLaurin pour les fonctions 
de partition, Preprint, November, 1995. 

[CKT] A. Canas Da Silva, Y. Karshon, and S. Tolman, Pre- symplectic quantization 
and circle actions, in preparation. 

[CS] Cappell, S. E., and Shaneson, J. L., Genera of algebraic varieties and count- 
ing lattice points, Bull. Amer. Math. Soc, 30 (1994), 62-69. 

[Gin] Ginzburg, V., Calculation of contact and symplectic cobordism groups, 
Topology 31 (1992), 767-773. 



14 VIKTOR GINZBURG, VICTOR GUILLEMIN, AND YAEL KARSHON 



[GGK] Ginzburg, V., Guillemin, V., and Karshon, Y., Cobordisms and Hamilton- 
ian group actions (provisional title), monograph to be published by the 
American Mathematical Society, in preparation. 

[Gu] Guillemin, V., Riemann-Roch for toric orbifolds, Preprint, November, 1995. 

[GLS] Guillemin, V., Lerman E., and Sternberg, S., On the Kostant multiplicity 
formula, J. Geom. Phys. 5 (1988), no. 4, 721-750. 

[GS] Guillemin, V., Sternberg, S., The coefficients of the Duistermaat-Heckman 
polynomial, in Geometry, Topology and Physics for Raul Bott, S.-T. Yau 
(editor). Conference proceedings and lecture notes in geometry and topol- 
ogy. Vol. IV, International Press, 1995, 202-213. 

[JK] Jeffrey, L., Kirwan, P., Localization for non-abelian group actions. Preprint, 
1993, to appear in Topology. 

[Kaw] Kawasaki, T., The Riemann-Roch theorem for complex V- manifolds, Osaka 
J. Math. 16 (1979), 151-157. 

[Ler] Lerman, E., Symplectic cuts, M.I.T. Preprint, 1993. 

[LT] Lerman, E., Tolma n, S., Hamilton ian torus actions on symplectic orbifolds 
and toric varieties, dg-ga/95110G4 



[Mar] Martin, S., Cohomology rings of symplectic quotients, Ph.D. Thesis, in 
preparation. 

[PW] Prato, E., Wu, S., Duistermaat-Heckman measures in a non-compact set- 
ting, Comp. Math. 94 (1994), 113-128. 

V. GiNZBURG: Department of Mathematics, UC Berkeley, Berkeley, 
CA 94720 

E-mail address: ginzburg@matli.berkeley.edu 

V. Guillemin: Department of Mathematics, MIT, Cambridge, MA 
02139-4307 

E-mail address: vwg@math.mit.edu 

Y. Karshon: The Hebrew University of Jerusalem, Institute of 
Mathematics, Givat Ram, 91904 Jerusalem, Israel 
E-mail address: karshonSmath . huj i . ac . il 



